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Sec. 2.1 Linear Transformations, Null Spaces, and Ranges 71

Theorem 2.4. Let V and W be vector spaces, and let T: V — W be
linear. Then T is one-to-one if and only if N(T) = {0}.

Proof. Suppose that T is one-to-one and * € N(T). Then T(z) = 0 =
T(0). Since T is one-to-one, we have x = (. Hence N(T) = {0}.

Now assume that N(T) = {0}, and suppose that T(x) = T(y). Then
0 = T(x) — T(y) = T(x — y) by property 3 on page 65. Therefore x —y &
N(T) ={0}. Sox —y = 0, or x =y. This means that T is one-to-one. B

The reader should observe that Theorem 2.4 allows us to conclude that
the transformation defined in Example 9 is not one-to-one.

Surprisingly, the conditions of one-to-one and onto are equivalent in an
important special case.




